
Pre-class Warm-up!!!
What are the roots of the polynomial 

a.  3, -3

b.  3i, -3i

c.  √3, -√3

d.  √3, √3, -√3, -√3

e. None of the above.

= - 36
= 3

u=/

r4 - 62 + 9 = (r4 - 663 + 9
= (v 3)2



5.3 Homogeneous equations with constant 
coefficients

We learn:
• More about the characteristic equations for 

linear d.e.’s with constant coefficients: 
• The derivative as a linear operator on spaces 

of functions
• Repeated roots again 
• Complex roots
• Euler’s formula  e^{it} = cos t + i sin t



Repeated roots of the characteristic equation 

Review of what to do:

Example (like questions 1-20)
Find the general solution to

Why does this work?

The differential operator  D

Write the differential equation on the left as

Compute  (D+√3) e^{-√3 x}

for a linear d .
e
. with constant coefficients

.

=
A
dx

tion has a
D : EfunctionsR+R3 - E functions #+#3 .

If the characteristic equan has D(af+ bg) = aDF + bDg . Wecan
root'

\

equato
repeatedi timethehomogeneous also add copiesofD ,

and multiply D by ithe

(D
"
- 6 D

+

+ 9)y = O
. This is the

y- by" + 9y = 0 same as (D2-3)y
= 0 = (D-5) CR +rs)y

The characteristic equation 14-60
2
+9 :0

Any solution of (D-BPy =0 Solution
has roots 5

,
-B
, occurring twice,

The functions 25t
,
xex - BX -Bx

= De-Bx+ BBX
,
e Xe

are bain for the solution space. --Be-BX + Be - Bx = 0
.



We just did  (D+√3) e^{-√3 x} = 0

Next:  (D+√3) x e^{-√3 x}

An independent set of solutions to  
is:

-V3X
= D(xex) + Bxe
= e-

Bx
- (3x2 -** + Exex

= e-3X ( - x)y =0
XX xxThus (D+>)(xe-BX) = D e Xe, ..., x e**

and e-x
,
xe-r4 are a

basis of solutions to (D+B)y =0
.

Is could have been any number,



Review of complex numbers

i^2 = -1
We may represent complex numbers  z = a + ib  
as points in the plane

The modulus or absolute value of  z  is
|z| = √(a^2 + b^2)

The argument of  z  is  

Polar form: we can write  a + ib = r (cos    + i sin   )

Euler’s formula

We can deduce Euler’s formula if we know 
power series expansions of  e^x,  sin x,  cos x.

The complex conjugate of  z = a + ib  is

Roots of polynomials with real coefficients 
occur in complex conjugate pairs

eit = Hit
=(2) . 3+2 i

= It2+<As To OS ..o

· isa
= 1- .... +i(- - )
= cost + ISINO.

=Tan
Note =Farise

F O

= reib
iO If a tib is a root of 1+a y..
e = cosO + isinO

.

with a real
,

then atb is a roof

of the complexions gu
same polynomialate polynomiaL



Questions
Let  z = -1 + i

1.  What is  |z| ?

a.  -√2

b.  1/2

c.  √2

d.  2

e.  None of the above.

2. What is  arg (z) ?

a.  π/4

b.  π/2

c.  3π/4

d.  2π/3

e.  None of the above.

V
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Question like 5.3, 27-36

Find the general solution to 
given that this equation is
(D+1)(D^2 - 2D + 2)y = 0

functions. We usethe function
&

y()- y" + 2y =0 y= -(ei)X + 27 i(x) = e cos X

= (D-x+2)y y
= t (e)

+ i) x
- eD-i(x) = "sinx

Solution. The characteristic polynomial is The solutions X

,
ecosx

,
escux

(v+ 1) (r = 20 + 2) which had roofs are independent and form a class
r = -1

,· =I E i for solutions,

The solutions
y
= e*, el + i)X >(x The general solution is

are a basis for the subutionseca g
= Ae *+Becosx + Cesinx

.

(+ i) +
Herei

= e = exe" * = eY(oX+ isX)

y
=
-1x

= eY(cosx- isinx)
We want a basis consisting of3 real



For a complex root  z = a + ib  of the 
characteristic equation we get a solution

The equation probably has real coefficients and 
complex roots occur in complex conjugate pairs, 
so

is also a solution.  The two solutions 

are also independent solutions spanning the 
same space.

(a + ib)x
=

ax (cosbx + islnb

2(a - ib)x = eax(cosbx - isinbx)

earcobx and earsinbx

I I
eatib) x + ela-cX datbx Carblx

- e

zi
2



What do you think the general solution is of the 
following equation:

Note that  r^2 - 2r + 2  has roots  1 + i  and  1 - i.

a.

b. 

c.

d.  None of the above.

Pre-class Warm-up!!!
(D- 2D+ 2) y = 0

a excosx + besinx
accoax + bxmx + cesinx + dxe"sinx

decosx + be* sinx



Question:
What do you think the general solution is of the 
following equation:

Note that  r^2 - 2r + 2  has roots  1 + i  and  1 - i.

a.

b. 

c.

d.  None of the above.

(D- 2D+2)y = 0

a excosx + besinx

accoax + bxmx + cesinx + dxe"sinx

aecos"X + bre"coi'+ ce"sinix +dxe"sinx



Page 300 question 36.

One solution of the d.e. is given. Find the general 
solution.

9y^(3) + 11y’’ + 4y’ - 14y = 0,   y = e^{-x} sin x

The general solution is

& = A
29" +Bergx +Cesinx

Solution: The characteristic polynomial
is 903+ 1102+40 - 14

The facthati = e "sinx isa
solution

means that - 12 and -1-i are roots

so(u- +( )(n - [1- i) = n + 20 +2
because ((+ i)( - i) = 1 +ii - * = 2

and 9r3+r2+ 4r-14= (v+ 2 r+2) (9r-7)
New root : - =



Page 300 question 42.

Find a linear homogeneous constant-coefficient equation 
with the given general solution.

y(x) = (A + Bx + Cx^2) cos 2x + (D + Ex + Fx^2) sin 2x.

solution. The characteristic polynomial
has roots zi

,
-2 : repeated 3 times.

The polynomial is (0-2i)"(r+2i)
=

= (r2+ 4)3 .

The d.e
.
is $2+4)y = 0


